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Abstract
Field emission from metallic emitters is generally described by the
Fowler-Nordheim equation. The standard Fowler-Nordheim formula is
expressed in terms of elliptic integrals which are not easy to extract a
physical interpretation. In this work a single analytical expression for the
current density field emission is derived. We utilize one-dimensional model
potential which is chosen to yield a reasonable physical representation of
the real system. In order to calculate the electronic transmission through
the surface barrier we have used the semi-classical (JWKB) approxima-
tion. The elliptic integral resulting is expanded in series which permits an
analytical procedure that offers the advantage of simplicity and elegance
of the final formula.
keywords: field emission, tunneling probability, Fowler-Nordheim
equation.
1 Introduction
Field emission is a process by which electrons are emitted from a material due
to the application of external fields. The high field narrows the vacuum po-
tential barrier such that electrons have a non-negligible tunneling probability.
This effect was first described by Fowler and Nordheim [1]. They considered a
wave-mechanical tunnelling through a triangular barrier but the image charge
potential was not included. In 1956 Murphy and Good [2] used a more realistic
barrier, rounded by the image potential. They used the JWKB approximation
to obtain an expression for the barrier transmission coefficient. More recently,
several works have been developed to account for both tunneling and thermal
emission of electrons from metals [3]. The electron sources of the field electron
emission can be utilized in many applications such as field emission microscope,
field electron emission flat panel displays and many other vacuum microelec-
tronic devices.
The Fowler-Nordheim formula is generally used in order to quantitatively
describe the field emission process in metals. In this paper the emission field
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phenomenon from cold conductors is investigated and a new analytical Fowler-
Nordheim formula is developed which combines reasonable accuracy with com-
putational ease.
2 The standard Fowler-Nordheim formula
In standard Fowler-Nordheim theory the field emission current density J is given
by the equation [4]
J =
e3F 2
16pi2h¯Φ
1
t2(y0)
exp
(
−4
3
√
2m
h¯
Φ3/2
eF
f(yo)
)
(1)
where e is the elementary charge, h¯ is the Planck constant, F is an external
electric field applied to narrow the potential barrier, allowing the electrons to
tunnel out of the metal, Φ is the local work function of the emitting surface and
f(y) =
[
1 +
√
1− y2
2
]1/2
[E(λ)− (1−
√
1− y2)K(λ)] (2)
where E(λ) and K(λ) are complete elliptic integrals of the first and second kind
and
λ2 =
2
√
1− y2
1 +
√
1− y2
(3)
y =
√
e3F
V0 − Ex
< 1 . (4)
where Vo = Φ+EF is the height of the potential barrier (EF is the Fermi level)
and Ex is the energy level of the electron. Finally
t(yo) =
[
f(y)− 2
3
y
df
dy
]
y=y0
(5)
with
y0 =
√
e3F
Φ
. (6)
The calculations of current densities from Eq.(1) require tedious numerical
work. Some numerical calculations for various fields and work functions are per-
formed in Ref. [5]. Recent developments in standard Fowler-Nordheim theory
are given in Refs. [6, 7].
3 A new analytic Fowler-Nordheim formula
The current density can be written in the form [4]
J =
e
4pi3h¯
∫
f(E − µ)P (Ex)dEdkydkz . (7)
where f(E − µ) is the Fermi-Dirac distribution and µ is the chemical potential,
P (Ex) is the transmission coefficient as a function of the energy component Ex
2
directed at the emission barrier and E = Ex +
h¯2
2m (k
2
y + k
2
z) where m is the
electron mass and ky and kz are the y and z components of the wave vector.
For lower temperature (cold emission) we may put µ = EF , where EF is the
Fermi level. In this case we have f(E − µ) = 1 for E ≤ EF , otherwise zero.
Thus, we obtain
J =
em
2pi2h¯3
∫ EF
0
(EF − Ex)P (Ex)dEx . (8)
In order to calculate the barrier penetration coefficient we have used the
JWKB approximation
P (Ex) = exp

− 2
h¯
x2∫
x1
√
2m(V (x) − Ex) dx

 (9)
where V (x) is the one-dimensional model potential and x1 and x2 are the clas-
sical turning points. The origin will be chosen to be on the metal surface and
the positive x -axis perpendicular to the surface and out of the metal.
Taking the average crystal potential as the zero level of the potential energy,
we have for the potential barrier:
V (x) =
{
0, x < 0
Vo − Ze
2
4x − eFx, x > 0
(10)
where −Ze2/(4x) represents the image potential energy, Z is a parameter of the
model that can be used to simulate some effects that can affect the probability
of tunneling and −eFx gives the field contribution to the potential barrier.
Thus, we have as barrier penetration coefficient
P (Ex) = exp
[
−2
√
2m
h¯
∫ x2
x1
√
(Vo − Ex)−
Ze2
4x
− eFx dx
]
. (11)
The integral above is not trivial. However, similar to that performed in Refs.
[8, 9], we can write
I =
∫ x2
x1
√
eF (x1 − x) (x− x2)
x
dx (12)
where
x1 + x2 =
Vo − Ex
eF
, (13)
x1x2 =
Ze2
4eF
. (14)
The integral (12) is tabulated by Gradshteyn and Ryzhik [[10], p. 265] and
results
∫ x2
x1
√
(x1 − x) (x− x2)
x
dx =
2
3
√
x2 [(x1 + x2)E(p)− 2x1K(p)] (15)
where p2 = x2−x1x2 and E(p) and K(p) are complete elliptic integrals that can be
expanded in series [10]
3
E(p′) = 1 +
1
2
[
ln
(
4
p′
)
− 1
2
]
p′2 + · · · (16)
K(p′) = ln
(
4
p′
)
+
[
ln
(
4
p′
)
− 1
]
p′
4
+ · · · (17)
where
p′ =
√
1− p2 =
(
x1
x2
) 1
2
. (18)
After using Eqs. (16) and (17) in Eq. (15), we obtain
P (Ex) =
(
8(Vo − Ex)√
Ze3F
)[Ze2
2h¯
√
2m
Vo−Ex
(
1+ Ze
3F
12(Vo−Ex)2
)]
× exp
{
−4
3
√
2m
h¯
(Vo − Ex)3/2
eF
ϕ(y)
}
(19)
where y =
√
e3F
V0−Ex < 1 and
ϕ(y) = 1 +
Zy2
16
(
Zy2
2
− 1
)
. (20)
If we make Ex = EF in Eq. (19) we see that Eq. (19) reduces to the Eq.
(18) from Ref. [9].
Our next step is to calculate the current density. At a low temperature, the
energy distribution of the emitted electron P (Ex) peaks near the Fermi level
over the range of electric fields at which field electron emission occurs. So, at a
low temperature the field emitted electrons have energies approximately around
the Fermi level Ex = EF . We therefore expand the exponent in the transmission
coefficient by the first two terms in a power series at the Fermi level Ex = EF ,
i.e.,
4
3
√
2m
h¯2
(Vo − Ex)3/2
eF
ϕ(y) = g(Ex) ≈ g(EF ) + (Ex − EF )
(
dg
dEx
)
EF
. (21)
Hence, Eq. (19) simplifies to
P (Ex) = A(yo)e
−g(EF )e(Ex−EF )η . (22)
where
A(yo) =
(
8√
Zyo
)[Ze2
2h¯
√
2m
Φ
(
1+
Zy2o
12
)]
. (23)
with y0 given by Eq.(6), i.e., y0 =
√
e3F
Φ and
g(EF ) =
4
3
√
2m
h¯2
Φ3/2
eF
ϕ(yo) . (24)
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Table 1: Field current density in (A/cm2) from Eq. (28) with Z = 1 and from
the work of Dolan [5] for four values of electric field and three values of work
function in eV .
Φ = 3eV Φ = 4.5eV Φ = 5eV
F (V/cm) J(A/cm2) JD(A/cm
2) J(A/cm2) JD(A/cm
2) J(A/cm2) JD(A/cm
2)
107 1.7× 10−5 3.5× 10−5 7.9× 10−19 ∗ 8.6× 10−24 ∗
3× 107 1.0× 106 2.0× 106 2.2× 101 4.1× 101 4.0× 10−1 8.0× 10−1
5× 107 2.0× 108 3.9× 108 2.4× 105 4.4× 105 2.1× 104 3.8× 104
108 1.7× 1010 ∗ 3.9× 108 6.8× 108 1.1× 108 1.8× 108
ϕ(y0) = 1 +
Zy20
16
(
Zy20
2
− 1
)
, (25)
η = −
(
dg
dEx
)
EF
=
2
√
2mΦ
h¯eF
[
ϕ(yo)−
Zy2o
12
(Zy2o − 1)
]
. (26)
Inserting Eq. (22) into Eq. (8) we obtain
J =
em
2pi2h¯3
A(yo)e
−g(EF )
∫ EF
0
(Ex − EF )e(Ex−EF )ηdEx . (27)
The lower limit of the integral (27) may be taken at −∞ since the value
Ex = 0 does not make any noticeable contribution for the total electric current.
Thus, Eq. (27) can be calculated by partial integration and we obtain
J =
e3F 2
16pi2h¯Φ
A(yo)[
ϕ(yo)− Zy
2
o
12 (Zy
2
o − 1)
]2 exp
(
−4
3
√
2m
h¯2
Φ3/2
eF
ϕ(yo)
)
(28)
with A(yo) given by Eq. (23) and ϕ(yo) given by Eq. (25).
The difference between Eq. (28) and the previous works is that our ex-
pression is easier to handle, whereas previously works require tedious numerical
work. Another advantage of our work is that our analytical result is valid for
any value of electric field, unlike Eq.(1) that is not valid for some values of
electric field.
4 Results
It is instructive to compare our expression with standard Fowler-Nordheim for-
mula. Table 1 shows some values of field current density (in A/cm2) calculated
from Eq. (28), with Z = 1, and from the work of Dolan [5] for three values of
electric field in V/cm and two values of work function in eV.
We noted that values calculated by Dolan [5] are about twice that of our
results. Additionally, we can calculate the current density for any value of the
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Table 2: Field current density in (A/cm2) from Eq. (28) with Z = 1.14 and
from the work of Dolan [5] for four values of electric field and three values of
work function in eV .
Φ = 3eV Φ = 4.5eV Φ = 5eV
F (V/cm) J(A/cm2) JD(A/cm
2) J(A/cm2) JD(A/cm
2) J(A/cm2) JD(A/cm
2)
107 3.8× 10−5 3.5× 10−5 1.7× 10−18 ∗ 1.8× 10−23 ∗
3× 107 1.9× 106 2.0× 106 4.1× 101 4.1× 101 7.9× 10−1 8.0× 10−1
5× 107 3.6× 108 3.9× 108 4.3× 105 4.4× 105 3.7× 104 3.8× 104
108 3.0× 1010 ∗ 6.4× 108 6.8× 108 1.7× 108 1.8× 108
field, contrary to the work of Dolan, which does not permit to calculate the
current density of values marked with an asterisk.
Table 2 shows the same values of Table 1 but with Z = 1.14. For this value
of Z we observe excellent agreement between both results.
In summary, we have performed tunneling calculations for the current den-
sity field emission. Our treatment is, however, easier to handle and permits to
derive an analytical expression.
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